Please check the examination details below before entering your candidate information

(Candidate surname Other names

Centre Number Candidate Number

Pearson Edexcel

Level 3 GCE

Sample Assessment Material
_

-
(Time: 1 hour 30 minutes) Paper Reference 9FMO0/01

y,

Further Mathematics

Advanced
Paper 1: Core Pure Mathematics 1
\_

J

Mathematical Formulae and Statistical Tables, calculator

L

rYou must have: Total Marks |

v,

Candidates may use any calculator permitted by Pearson regulations.

Calculators must not have the facility for algebraic manipulation,
differentiation and integration, or have retrievable mathematical
formulae stored in them.

Instructions

Use black ink or ball-point pen.

If pencil is used for diagrams/sketches/graphs it must be dark (HB or B).

Fill in the boxes at the top of this page with your name, centre number and
candidate number.

Answer all questions and ensure that your answers to parts of questions are
clearly labelled.

Answer the questions in the spaces provided

— there may be more space than you need.

You should show sufficient working to make your methods clear.

Answers without working may not gain full credit.

Answers should be given to three significant figures unless otherwise stated.

Information

A booklet ‘Mathematical Formulae and Statistical Tables’ is provided.

® There are 8 questions in this question paper. The total mark for this paper is 75.

The marks for each question are shown in brackets
— use this as a guide as to how much time to spend on each question.

Advice

S61294A

©2018 Pearson Education Ltd.

IVAVAVAVS

Read each question carefully before you start to answer it.
Try to answer every question.
Check your answers if you have time at the end.

S 61 2 9 4 A 0 1 2 8

Turn over

©

Pearson



Year 2 Hyperbolics - identities and equations

1.  Solve the equation

fcosh2y +4sinhx=7

giving your answers as exact logarithms.
(6)

(Total for Question 1 is 6 marks)

METHOD |: using hyperbolic identities
notice how we cant Solve the given equation uithout replacing the cosh
double anqle- :using the hyperbolic version of the cos double angle :
coslx ® |- Lsinlx “using Osborne's rule - nesul:ing any explicit [ (mplied
product of sins j sinx— Sinhx , - % L 2. Sintx
coshlx = | + 2sinh?*> (sinx) ean X oy
and subbing into given equation
61+ 2sinh®x) + Ysinhx =3
expand
6+ 12sinktx +4sinhx =3
—collect like terms -
[2sinh*x +4sinhx -1 =0
L cealising this as a quadratic (a sinhx ~using substitutipn:

_ Yssinhx
|2(d"("'§a'|"0
use of quadratic formula

= -y £y -4(2)(-1)

al2) | w
: -4 £ [l6+48 |

2(12)
Mb kX Ly -
M 24

- 4ve: cee=V@:

Subbins into Substitution \j:sinkx:
4 solve for ‘x’ :

inhx = /¢ sinhx=-!/;
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CY %‘3 -
x :QfSi'\k(‘/G) X = arank("/z) 6@06 X

NAY (- using {ormula book definition for arsinhx .oqcb
x=laffe +J0Yer) %= tn[aefCh)) |
:ln.(‘/e +|‘/35+|) =1ln ("'/z*"/q H)
*la(Ye 4| % ) ta (¥ + 8§54 )
) ln('/g + 3'3_9/5) n ("/z + J'S'/z)
= la (u,_ra})
6

”n

WAYZ:using exponential dfn for sinhx
st s L(pX_o%
.U\kx 1(e e )
...{or sinhx "'6
-_zl(e,’c-e'x) =e
3 '/z g |/2
et-e*= /3
using index laus

i )C__'. .~'
xe>* xe

e'l)'- _‘ = '/Sex'
e -Ye*-1: 0
notice quadralic in @ ~uging \J:ex substition |
T_ -1 =0

p B

y = (%) SR -4 -
2

ﬂ : '/3 + '/q +Y
2
commen denominator inscde root

= U, P’/
Yy = q{oki:\a% =) 14033
2

to deaom. 6
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usit\ﬁ pfev;ous substitution :
ex = |+ fﬁ
é
taking logs of soth sudes
(a(e®) = (a (“_ﬁ?’)
can't foke “35 ‘0‘. -ves

=) x- lll.( ILL_;J')

enou for sinhx=-1/;

(
2 (ex_e-x) ==Y
.':llz %',2
X Xz
»Asi-\g index laus
x 1
e - Z‘ :'l
xe¥* xe¥
2x
e s
taking ko LkS:
e geX-1:0
bYquadratic \aeX = sub 3:0." into above

gt +y-t=0
b
y= (0wt =g _|+0E
g - u
wsing \j=e—x
---tves 2 ..-Ve:
e"=‘_L_Y e":-l_iS"
2 2

taking L09s of both sides
x=ln (—ﬂ}) Jc=(.n(-l_-;’3')
2 2

=)= ln ('i?;)‘ l,n (";"_J;-)

2-

but cant take
logs of -ves -
RETE(T
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METHOD 2: using exponential dfns 7
using cosh2x = -(e +e )
and Sinh X = *(e - )
and. sukbing it into the qiven equation
‘ -
6 (3™ +e™)) + 4 (5™ =2
expond.
X 4371 42e° - 267 = 3
uSmS index laws
3% b +2e%- 2 :3
e e*
xex -
304 +342e3-2e% - ¢
3e" +2¢ - 7% - 2% 4320
no&icing this (s a cludrh'c tn ‘fe."‘
3y 4245 -Fy*-2y +3:0
4 factorisiag {his gives
(g2+4-D(3¢-y-3) =0
making 2ach bracket gquatl to O
\"241-4:0 331_\1-3:0
‘-msing

| --l+Jm‘ Lul(-l) - 4=-C0ION-40)-3) 4S5

115
"?: 2(3) 6

I
Sukbinq into y substitution :

e,)"=‘|_£-’_TY e,le‘.'.’ﬁ:l-
z 6
taking l0gs of both sides

x:ln Hﬁ) or X= ln(""r’)

cqnl-lnke logs of -ves:
)(-l (Hf% ln ( _'_::)
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Year 1 Matrices - forming and solving a system of equations

2. A company runs three theme parks, 4 (Aztec Adventureland), 8 (Babylonian Towers) and
C' (Carthaginian Kingdom).

It is known that park 4 makes a profit of £30 per visitor, park B makes a profit of £26 per
visitor and park C makes a profit of £33 per visitor.

In 2017 the Aztec Adventureland park was upgraded, which took one year to carry out.
During 2017 E

= park 4 had only 50%of the number of visitors it had in 2016

«  park B had 25% more than the number of visitors it had in 2016 I

= park C had 15% more than the number of visitors it had in 2016
In total 1 350 000 people visited the three theme parks during 2017.

The company made a total profit from the parks of £39.15 million in 2016. The profits —
dropped by 1% for 2017.

Form and solve a matrix equation to find, to 2 significant figures, the number of visitors
for each of the theme parks in 2016.

(8)

(Total for Question 2 is 8 marks)

wustion o Sn BINMANSS
... first defining variables :
let x =no.of visitors to park A (a 2016

y S NO.OF viS " > pQl« B (a 2016

b - AD of ul P L C (o] [4

.- next formulating the three linear equations using previoas\:! defined
__variables". o I

. “profit equation' 22016

30x 42644k 232s x[06 -0

0.5x + + = (.35« |p® -O

4 using and no.of visitors equation

—30(0.6x} ¢ 26 (s25) 33115} ~=(39.15)x0.9ax |6

= ISx ¢ + =38.358S x 10¢ -
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Q"/’j %Sf‘\'_
%,
ey equalions: f’qoo
® )
0.§x +1.25y +1.IS2= 1.35x 108 -@
-©
...to selve remembering general form for matiia equations:Mr:-y

=) XMy
remiliqﬂ the coefficients of 0,0 and © d$ 'M“vart'ables as the “x' aad
iniegers as the q':

X Sq,lS'xlO:
= 1.35 %10
05126 LT )< > (3‘13“5‘»(0‘

I 30 26 33 "'/ 3aIsxi0®
) = |o.5 128 1S ) 1.35 » |06
IS 32.5 3795 3¢.7885 %10

\/\/-\_/

evulual-ing this using

-9x10°3  3.6831 -0.103 1.26 x 106
-001y  -3.35| o0.1403/ \ 38.3585 106

Lpou evaluate using matrix multiplicalion -on

(X) (qoo,ssl.w% )

)

400,000

( >{-o 2 sf

% 406,000 visitors in park A (a 2016
visitors in park B8 in 2016
visitors in park C (a 2016

= (00536 O0.4916 -0.06S )(S‘IJSHO‘

NOTE : could've also tried eliminativ\g one of the variables in the three
linear equations to get a Simpler matrix equation but this is rather time -
cthuminj and difficalt unen dealiag uith large decimals
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Year 2 Polar Coordinates - finding area of polar curves

Figure 1

Figure | shows a sketch for the design of a logoe. The logo is defined by the polar curve
with equation

F=3in E] 0=P<br

f

The inner closed section and outer closed section of the curve, shown shaded in Figure 1,
are 1o be coloured the same colour. The remaining section is 10 be left clear.

(@) Use algebmicintegmtion to find the area of the coloured sections of the logo.

(6)

A copy of this logo 15 to be painted on a white wall of a building such that the total width
of the logo is 12 m.

Tins of coloured paint with an advertised minimum coverage arca of 30 m® are to be used
to paint the colourad sections of the logo onto the wall. Given that twingoais of paint
will be needed,

(B) find the minimum number of tins of this paint that should be bought to ensure that the
coloured sections of the logo can be painted onto the wall.

4)
(Total for Question 3 is 10 marks)

(a)notice ‘use algebraic inlesration' requires us to use the formula for polar
inteqration ::f,-* d0® but apply tt to a SPIRAL ((.e the design of the loqe)

. e\
-
—

— ye are qiven the polar gquation of the spiral-the r'-nou need
. of th utred coloured sectt

Figure 1

ANOD noticing symmetry - coloured components are -
betueen 37 and 21
subtract non-coloured Saand 4

add coloured between mand O

ons
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area of _ /,é‘f?m,z,; - . 2 nz

colsured e °

{irsl: indefinitely inte gru{ e

r

Sin’6f do

N

remembering that can't really inkegrate high trig pouers - use

memortsed QEARRANGEO cos double angle (one mvolw\q Sm‘O‘

(ln‘ﬂ = - -'—COSZQ
Z 2

(5~ 3 0s0)de

PR | d ‘ ° Y o WD
nou mteqrtﬂfrtrtmg—fwskedﬂ*-fmu +C

0-2sind +c

Ml

L
2

nou evaluate thisintegral at each of the Limits:

in 3a \
r = (2P 3%y, T 3Lz03m-2sia(=5 ] ]

2a



Francesca Foster

Francesca Foster


~ 2, TN
/5‘903 %’&‘
006
“,
. C‘%
Aea= -/ /- -'7:/f /
=,
(b) annotating Fig | uith the given iaformation
) ve know from (a) that :need to see
n \ hou the area scales up so as o then find out the no.of ting
3:" [ -G"E }n*[nlll al lme O" Pa"\{: to be bNg'\f
v\ Y for this use gwen uidth=(2 and vok Ouat (nitial
e sidth
[2M Figure Uto find this sub 021 into ’r':  and 0:3a,
rs Sm.(?'”)' 5"\(“/3‘ rs= s'(n(gs_n) = |
= l's

<) width = H‘ﬁ/z
Huorkil\g out

A2
Hfi/z 1 2
H =(l+‘5/23

" (. 5/;) |
2 64.96..m?

also knou that 0 coats of painl needed

64.96... x 2 = 129.9203%..

® 129.9m?
o} paint

and for no.of kins = 129.9 =4.33. kins
o

2| S tins needed to buy
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Year 2 Calculus - improper integrals

f(x)=

xi RFIEY 9 X773

where & 15 a posilive constant.

“:mbﬂ.wmhmy=ﬂx‘juﬂ&!dﬁvem:is£

Shovw that

where a 15 a constant 1o be determined.

(%)

(Total for Question 4 is & marks)

(a)-'[omsi.v\g on the given ranges- see how actually ue can rewrite areo. betdeen
curve f(x)as tuo Ca(.ec!rals -one Letueon 2 and 0 and other betueen

w0 and O - A ®
ro 55 0
ks kx
x*46 0 X*-Y
o 0

for uhich the ansuer (S given as My

evaluate these scpurnieli

3 l (S i i %pression- numerator s

246 “ 1 a scalar multiple of the derivative of the denominate

P ~using reverse chain rule (seep 2 from LHS list)

Reminders:
Students find fractions tough as fractions can be so many types. ( f (x ‘
Check first (and throughout the que ) " u can slmplffy by:
> usin d heackets
o

Do “I o

consider: (n(xt+6€)

Then ask yourself:

3 fentace - T S —
(chain cule) x+€ x6

...but need Single x -
scale: %Y,
» (K !n'!xl.t 6 1 :
L2

o "’ —— 30
R a P . (W |
- I[En(Gy +)-[ £ (@+¢)]
— | = K tnl1s) =k tn(€)

. 2 2

Factorise common ‘;‘.

< (tat1s) -(,.(c))



Francesca Foster

Francesca Foster


and using log quotient lau:
fe{ {15

next evaluate improper integral:

®

dx

) Jo =Y

first mde{mltdj—ﬂ{;'_ﬁtx

Lnotice this is a fractional expression uhere aumer ator is 1,nro-l=
‘can't split numerator as 3 ia numerator

‘CAN do po.r{iql jrad:ions X
yayY | (easiert) '\okicim! in {.onm\a book that (a the jorm

B
A LG ) I

WAy 2: doing m{egru{wn of portial fractions

reuulmq k! T, 4 as pastial frackions

L = A 8

l- - — —

X+

) 1= A(x-2)48(x+2)

... Ccomparing coeff jcients .- by substitulion:
T & Looking 10 make each bracket equal O
O:=A+8-0 xs2,
.. constants : |=(',8
)=-2A+28B @ sv =4
ousl3 Ef'/q
using equation solver or cCole
0Ox2-® xX= ‘Z’
_1A+13=0 . l: A(J-!lu
-2A 428z | s = o
“A=-] A=l
— =l )
=)A= -‘/._'_

Subb ing A into ©
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0=("/q)+8
B = '/‘-I-

S— —k!-o(x-l) 4 (x- l))d

factorise 'y Oul'.
|

=‘q (—71 ‘;:-u dx

integrate using j-ud: that j?'c- = lnlbx|
= & (tnle2) -t +2)) +¢

nOwW u.suu] log QU\O{:&QV\{‘ law

ke
-Ql"l. ( x“_)-l-c

now evaluate at Limits

= lim t L
y x!- qu {-oﬂkfg xt- '-I"‘.',c

— N = Jim k[tn(ﬁ’fz)]
el:::o l.| g[l tn. (—;}I)

= [ln( =)ol (%))

r\ou evaluate above at lum(:s usm&! L‘\nospd;cl rule for {rnlhcms
(d wtdtna numerator and denominator 6 ‘t' and evaluate of £t e

e

t-2
L'\(* ):("L(' _; ) W SR\,
: t42 —_— ,
N/ o ' om PN

o as t-®, "%-LO =209 Q@ JEQIJERE |
(45, )= tnlr)
kjs = (lr\{) ta(/s)
= -Xin(Y/s)

Subbing into initial strateqy kb exploit given 'y
+(—5 bn( ‘/:))

= 7‘“ ln ("/6) k kln ('/s)

usm3 Log power rule, for firsd explession
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=1/y

(1n(%) - 1 (s))

k
4
usi

1W<z
/)
/s

)

[ 12§
W
L)

xS

ktn{

ln.['
\

«®/

as 125
.
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Year 1 Vectors - equations of planes, shortest distances, modelling
with vectors

08m| .5

Figure 2

Figure 2 shows a sketch of a shelter against a wall. The shelier consists of two
rectangular wooden boards, O4BC and BCING, which can be modelled as parts of planes.

Board (JA8C 15 vertical and parallel to the wall and the ground may be assumed to be
horizontal,

The points E and & are at the foot of the wall directly below D and & respectively.

The length OC is 0.8 m, the length 34 is 2 m and the board Q48C is 1.2 m away from the
wall. The points D and Cr are 1.5 m above the ground.

To model the shelter, take (2 as the origin, the vector i to be 1 m in the direction of OA, the

veetor j to be 1 m in the direction of OF and the vector k to be 1 m in the direction of OC .

() Find an equation of the plane BCD(, giving your answer in the formren = d

(5
In order to support the roof of the shelter. one end of a pole is attached to the ground at
the centre of the rectangle OAFE and the other end to a point on the roof. Modelling the
pole as a rod,
(k) find, to the nearest mm, the shortest possible length for the pole.
(3)

{¢) State a limitation of the assumption that the boards can be modelled as planes.

0y

(Total for Question 5 is 9 marks)

(a) METHOD ): vector parametric
to iinds scalar product equation for the plane BCDG -first need ¢o find

its vector parameteic form ie. r=a+bascpm

-£0 do this need to find. 2 non parallel direction vectors on the plane -using

and Fig 2
W% 0
-1 O
0.8 0.
_ 3
-8
and B =[O 0
o \ =2\
0. 8, \ I.S') .
- x¢ Segfoey maltiple
= {'o__ \’\ g_-‘g_\
-0.% o.‘-})

G-h-d position vector can be Cwitl

\ W&%
\o%

vector pummetnc {om\ula

J
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0 3 0 %,
= (o \4 (l- \ o
d (:g\ ’A(g)+# 0.3 G,

now need to find the to the plane BCDG ~a vector that is
perpendicular to both direction vectors ‘b'and ‘'
NAY |: Using dot product =0
X

let = \i)

i} perpendicular o both vectors then

()8
X (3) +ylol+2(0)=0
o) 3_[:0‘

= =3
.31__.0 )

(3)-(53)-o

x(0) +y(r-2) + 2(0.9 =0
=) I.Zj +0-#72:=0-0
le': i=||
x=0 (.[rom o)
1.24 +0.3(1) =0 (from ©)
=) 1.2y= -0.9
2Yy=-,
means ue Kknow x,4,2 :Subbing into
peeviously defined vector

() ()

~eauttiply by =12

()

Now take position vector ‘a' and use a-n to qet q!

()
(o‘.)s) : =0(0) +06(3)+0.8(-12)
=-9.¢

and. gubbing into Scalar product for vectors, equation for 8CDG (S:
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N 4,85
v J%Q/' 6‘3&‘
. =-9.6 600/
%,
%
WAY 2 :vector Cross product K
ik
o \-:|° ° 30 30
(:s ° .0 ) ’n 0.3 |o o%’*",o |.z'
o 1.2 0%
= i(0) -l(z.l) + (3.6)k
0 0
= (-l.l ) or (z-l
3.6 -3.6
aou a-n =&
< 0
O &). = 3.6(0.2)
' T 2.88
=) |r- =288
b (equivarent to )
Alternative method : using Cartesian equation
first find vector parq.me-&ric equation .)lof BCDG - gee qet
r: +m( ) (
(%) 2 |
now {rying to qet the and 7d’ parts of v n=d

H\rough qeumg B8c0G's Cartesian eq'unhon. - because ’r' s
the gu\eml coordinate can rewrite it as (i)

X 0432 +0(n)
(;) (o+ £(0) + m(1-2) \
0.3 + (o) + m(0-3)

Converling these (nto

X =3
LM -0
2=0.840.FMm O

and SO'.VII\S O and ©
subbmg ®—rearranged (N. ll) into @

9
r o.s+o.‘+(,—1\ =)2:=098 + Tij =) I?.z-?;,:q-é
12 xi2 WLCartesian equl:n. of 8¢ 06
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o %
because thisis inthe form n x4, y4n,2-d=0,can read as \

and ‘d* as G.6

T =q.¢

(b) notice hou the question is asking fur the shoriest distance betueen POINT
(centre of rectanqle) and plane
first finding coordinates of centre of rectangle -
see how oaly tavolves ‘i’ and ‘'

0.5(3%)
¥ (0-5‘('-1)) = (o.é)
0 0

wsing formula booklet formula gor shortest distance belueen point aad

plane.
pasp-distance of («8,¥) |notsn,B+n,¥-d|
Y R R N a
tS§ ¢
Subbing in above AND using ‘a* and ‘q" from
r-n=d
shortest - |o(1.§)+(-3)(06)+12(0V-9-6|
diStance
Jots(-3)t+ (12)®
= |-4.2-9.6/

= 0.9933¢4¢...
jqu

=049 (3sf)
(o) vossible Limitatioas:
‘boards Vill not have negh'glole thickness which chould be taken into
account ia the model
‘wooden boards will bow and not form planes
-board s aot completely that not guitable to model as planes
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Year 1 Roots of polynomials - quadratics and cubics & Year 1 Complex ,17171,

numbers and Argand diagrams A\ %

f(x)=hk*+3x—11 g(x)=mx*—2x*+3x—9
where k and m are real constants.

Given that

*  the'sum of the roots of T is equal to the product of the roots of g
* g has at least one root on the imaginary axis

(a) solve completely
1 f(x)=0

(i) g(x)=0
(7
(£) Plot the roots of f and the roots of g on a single Argand diagram.
(2)
(Total for Question 6 is 9 marks)

(o)
first finding of the quadrotic flx)
remembering hov for a quadratic taxi+ by +C

S“I?O:f; : Sas=b/g

product . C
of rosts: 2B 72

£ Suvno} _:_3/1‘

roots

nou the of the

...remc.mberiv\g how for a. cubic - ox’+bx+ex+d =0

su = L/q

roots

sum of . =€
pPBduct paiegu BB /a

PrO‘d(* . «BY = -d/a

of roots
is -(9)_ Y
m
QQ&&HAS

3= Ym0

next notice that q havtng ot least one root on imuginwj axis suggests

that it has tuo roots that are a (cccordc‘ag o

the Fuadamental Lau of Mgekra'if is a roof o (S )
R ] vays touse abdve:
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NAY | “ “Sinq foofs 0.‘. Pol!nomiuls ?q
Soc=-b/q =real root
;. Sum of foots = X4B+Y=2/,,

but know sum of °f =0
) Y=- ~_::h)

- z -
= — is o factor
m

need value for ‘m* to sub into O AND find ‘k' needed to
qet equation of
.-.u.sinﬂ -if tx=2/m) 15 a y then

m(%) -2 (%) +3(5) -0 w0
() Bt 1o

— -6.:'
) =1
¥ xm
6=9m
=q ~9
m=€/q
N~ 2/5
WAY 2: see that if on imaqinary axis =) =i
hence using i (x-i) is a factor, q(«i)=0

“ Subbing into q(x) and making =0
5

i) -2 (ai)* + 3 (i) =9 =0
using *=-1y i3=-{
-m(adi) - 2 (=1) +3ai=9=0
-madl +2at+3x(-9:=0

making redl and imaqinary component¢ =0

...real : ~.imaginary :

24t-9:0 3- aim:0
=) 2t =4 foctorise o Out: & [3-atm) =0
=2 :

o= 1./2
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=)3-alm=0

=)atm = 3
-m =m
- A
=) = . m
: BT sub in a =9/,
Sulabtns m = /3 indo © =z 3/4/2
-3 _ 9
k =~ 2/y

cross muldiply

) g -3(%)

G = =2
2q =4

- 'z/q

Usubbing into quadratic
fCc)=-2fgx*+3x -1l =0

b solve on or

x= -(-3 31(3)‘-q(~2/ﬂ(-|,)

=qf £ ()]
Y
T23 ti(3)3)

L£

X = 23 2 (3/3)
G

2 roots of f(x) = 23 2303
l‘-
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.0)}4}' %a 5
$/;5® 6&
%,
(.ii) {-Of ,khou the value of ‘m' .'-Subbins into oo-'oo
3(:) = 2/3 x}-2x2+3x-9:0 %
also knou

$ o = o, =6/ =3 =)3is aroot
...for other roots:
WAY I: by inspection :usknoun quadratic be ax’tbx+d
(x-3) (axttbxsc) = Yy X3 -2 +3x-9
COMPARING coefficients:

...x’:
Q: z/3 oo con:lants :
L. -3C=-9
S 5.3 =3
“Ja+b=-2 e 3

subin a =3
-‘5("//3) #b=-2
-2 +p=-2
Ab=0
. (x-3)( ¥y x? #3):0
or x3 in second bracket
(x-3)(2x*+4) =D
making emcke{. equal O
Solve using /

= -0 ¢ J(o1*-4(2)(4)

2(2)

:t_ﬁ-_’z _-_--I-JT_L(_HI)
¥ -

I'
g '-'-'36.‘—2&' :t3r2i
™, =2
*3 roots of qlx) are:
3 230y
) 2

(L) plotting these roots on single Argand diagram: remembering complex
numbers in form Q+bi are plotted as Cortesian coordinates (a)b)
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Im(2)

3 23+3h
3 e |
) Re(:)
3R -23-303
bY Y
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Year 1 Proof by induction - matrices (as well as general A LEVEL MATHS

proof by counterexample)
7. (1) Prove by induction that. for n € B,

-

&) —

(11} Consider the staternent

nr=2 forallmne Z°

A student attempts (o prove this statement using induction as follows,

Ir,-— Student s response ™~
Forn=1wehave |*=1and 2' = 2

Since 1 < 2 the statement 15 true forn = 1

Suppose 1t 1s troe for n = k so B2t

Lined—| Then(k+1¥=F+«2k+1<kF+k (smoe 2k = 1 < K for ke Z7)
= 2}
<2IxX (by the assumption & < 2%)
= 781

Hence the resalt is troe for =k + 1

Sotheresult istrue forn = land s true form =k then s true forn =k + 1,

\ and hence it is troe for all positive mizgers n by mathematical induction |
- A

—_ — _ —— _—— —_—

(@) Show by a counterexample that the statement is not true.

Given that the only mathematical error in the student’s proof occurs in line 4,

(&) wdennly the eror made in the student’s proof,

(¢) hence determine for which positive infegers the statement is true, explaining
VOUT reasoming.

5)

{Total for Question 7 is 11 marks)

ti) provinc! by induction means proving a conjecture (s trae for all n EN-here

are given @ MATRIX proof by tnduction

Step I: base case

prove statement is true for n=|

Lys: RUS
[y -1\ [301)+] -L1)
()
b |
R
q -2

r 1
L*S‘“RH‘S_'_tm- o fD' (A |

Step 2 :assumption step

assume Statement is $rae for n=k
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y -1 \k 3k+l -k
(q “l) = (Qk |-3k

step 3:induttion step
prove Statement s true for n=ks!

...AlM:
Lus : , [3Cks1)e) = (kst) '\
TR AR VAR L qcn1)  1-3Cks1) )
(4 ) ~\9 2T .

\ausa -2-3)

subbing in matrix from assumption step:
PR L YT NS W

q -] = |ax t-/\9 -2/

i . he
socond matrix and cum inbetween -REPEAT (see colowrs to indicate)

BRZEVTH TIPSRV Z LA TRRR VB AT
T L IRFERRNEY a1y + 0-3)(<2)

&

(344 k-] A
3 - -qK - - \ak+9q -3k-2/

~true for nzk+l

step &:conclusion step

Sinte trae for nzl it true for nxk and true for n:k+l then true for all nep

(ii)a) trying for different ‘n' values

2y (e 1(4)* ¢ (a)"
| £2 TRUE 16 L6 raLsE { alse’ are
oy (e 2 oas)e {233' possible lmi&aﬁms/
B I = e 2§ L 32 TRVE 7
- ( b ] ‘ 23 . ‘
) :’ e—FMst 5 (6)*¢(2)" d6eey TRVE )
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(b) the statement is nok true forall 4ve integers n € 2%

(c) the statement {nline Y4 is only true for +ve integers k12 so induction
step only true for 452 =) induction holds from any base case greater
than 2
-also gee from (L) that resalt true for k) § :induction holds vith base case
n:z§

-but not true for 2,30ry (part W)
= trae for kél*': k%2 3y
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Year 2 Modelling with differential equations - first order

( differential equations

8. A large comtainer initially contains 3 litres of pure water,
Contaminated water starts pouring into the container ot a constant rate of 250ml per minute
and you may assume the contaminant dissolves completely,

Al the same time, the container is drained af a constant rate of 125ml per minute,
The water in the container is continually mixed

The amount of contaminant in the water pouring into the container, at time § minutes after
pouring began, is modelled to be (5 — ¢ ™) mg per litre

Let s be the amount of contaminant, in milligrams, in the container at thme 7 minutes
after the contaminated water begins pouring into the confainer,

(a) (i} Write down an expression for the total volume of water in litres in the container at time 7

(11} Hence show that the amount of contaminant in the container can be modelled by
the differential equation

dm 5-e™"  m
f 4 PR
) I
(&) By solving the differential equation, find an expression for the amount of
contaminant, in milligrams, in the container r minutes after the contarmnated water
begins 1o be poured into the container.
i(B)
Adfier 30 minutes, the coneeniration of contaminani in the water was measured as
3.79 mg per litre.
(c) Assess the model in light of this information, giving a reason for your answer,
oy i2)

{ Toral for OQuestion B is 14 marks)

to {ollou the folloving format-
(a)(i) volume of liquid ajtes P'mins {Litres): 24 (O.lSt <0.125¢)

2 +0-125¢
(ii) amount of contaminant in mgin M .
V. ~_container at t' min$ 34025t
-0.1¢
amount o{ coOntamindnt in 1 0.25 x §-¢
 amownt o{ ntaminant b : 0.126x M
340.125¢

6\-"‘
m

= rate «n -rate out

"ot |
=025 (§-¢) - otigm
.3t0.n5t
- -'(S-e,""u! _m
4 24+t

(b) rearranging the given 100E to qet in form:

dy,py=Gedm , m - GO
Ii+ 1PEAT P ausk < )



Francesca Foster

Francesca Foster


sfrqigl\i auay can see that ue cannot solve this 10DE 53 0%
as it involves q subtraction rather than the product of tuo

variables and its derivatives dy
dx

next check for
4 (n)= dm
€t at
dm M , ¢-e
dt 244k T4
o)

d X
It(') *mt

hence need to introduce : I.F=
dt

0.1t

(]
=e’au+t
(n(2%+t)
el

=244t
mvull:ipljimj through L-j
<0.1¢
dm = S-e

dt Y4

how checking for
Lcan reurite LMS of the equation as the derivative of
the product of m aand 24+t

Sy +tim) = s'_-%'“*(,.””
integfql-e both sides
(2u+t)m = \( s::q‘-o.u.(zqul dt
expand the expression inside the RHS (ategral

and {'akl'ng the '/q out in front
:q’f 120 ,',g* _lqe'o.ll'_ie“o.'f d{

notice can integrate all using standard results EXCEPT
the

using Loys
Inverse function
Alqebraic express o

Triq fun(h‘ons
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) )
- 12 p-0.1¢ S,
\t‘-jl :- -elo -o0.1¢ Y
- O@
f dt =-ote " —I-lOe")"*df
- "O*Q-a'f'l"D e-o.'fdf
using [kt g =t oktrc
« o.it
) -0./
= —jote-tlt yr0[o5 xe ] #¢C
= -lote™™ 't - jppe !t +c
integrating rest of equation
(2448)m = 2 [0k + Se2 4 340e7 " — ( }_)

D65 (W #t)m= 304 +-§E‘ +85e-0 1t +-§-'-£e'°’”" re

P.5: sub in initial conditions: ab £20,m=0
0=040+8€5+0 +¢

0:=%%+c¢
=) ¢=-8¢
(U 3E)m = 30k + 5/t gse Ot 4 5/ 10 g
T]
I 2 -0.1¢ -0.!
=— (306 +3t+8 + S, -
1”m(z. 1S 488 ATy

(t) S\Abbing £=30 into Par{ (b)

' -
: = s 2 -0.1(30), ¢ 0.1(301 _ )
"M 244 (20) (30(30)+§(3o) +85e +E(so)e 8§

=) m=25.6563. - .
. . ma
but need Concentration ustng concentration s volame
concentratios = 25.65 €3
3+0.-125(30)

= 3.€0)00.-
vhith is close to ackval valve (fo Id.p) AND

(an be explRined L.\, Slight (naccuracies
(suitabie vp to 20 mins,
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